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Tom v t: Phuong phdp quy hoach déng la mot ky thudt hiéu qua dé t6i wu héa va gidm
thiéu sw Idp lai viéc tinh todn, dwoc sir dung dé gidi quyét cdc bai todn c6 tinh chat quy hoi.

Trong bai bdo ndy, tic gid gidi thiéu phwong phdp quy hoach ddng va nhdn dién mét sé
ddc trung co ban ciia cdc bai todn ¢6 thé gidi bang phuong phdp quy hoach déng, cdc bude cai
dat dé giai mét bai todn bang phirong phdp quy hoach dong. Bai bdo ciing phdn tich mét bai
todn dac trung dugc giai theo phuong phap quy hoach dong, so sanh véi phwong phdp khac ae
chi ra wu, nhwoc diém cia cac phwong phap quy hogch dong dwoc sir dung. Pong thoi, bai bao
duea ra 161 gidi cu thé cho mdt sé bai todn, cdi dat bang ngdn ngit ldp trinh C++, cung cdp ham
sinh cdc bé dir liéu kiém thir dé kiém churng tinh 16i wu ciia giai thuat.

T khéa: Quy hoach dong, Bai todn quy hoach dong dién hinh, Phwong phdp quy hoach
déng, Bai todn toi uu

DYNAMIC PLANNING METHOD AND INSTALLATION OF SOME PROBLEMS
USING C++ PROGRAMMING LANGUAGE

Abstract: The dynamic programming method is an effective technique for optimizing and
minimizing computational repetition, used to solve regression problems.

In this article, the author introduces the dynamic programming method and identifies some
basic characteristics of the problem that can be solved using the dynamic programming method
and the installation steps to solve the problem using the dynamic programming method. The
article also analyzes some optimization problems solved by dynamic programming methods,
comparing them with other methods to point out the advantages and disadvantages of the
methods used. At the same time, the article provides specific solutions to problems implemented
in the C++ programming language and provides functions to generate test data sets to verify the
optimality of the algorithm.

Keywords: Dynamic programming, Last data method, Typical dynamic programming
problem

1. DhT V@N by

Dynamic programming (Quy hoach dong) dugc phat minh biti nha toan hoc noi tikng
ngudi MY, Richard Bellman, vao nhyng ndm 1950 nhv mot phuong ph p chung dé toi vu h a
qua trinh ra quylt dinh nhiéu giai doan. Ty “programming” trong tén clia k§ thuét nay 1a vikt tt
cta “lap k¥ hoach” va khéng m chi d¥n 18p trinh may tinh. [4].
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Phuong ph p quy hoach ddng 1a mot k§ thudt quan trong trong 1ap tr nh m y tinh dugc st
dung dé giai quylt cac bai toan cé tinh chat quy hodi. Quy hoach dong gilip gidi quykt cac bai
toan bang cach chia chiing thanh cac bai todn con nhd hon, lwu tr{ va st dung lai kKt qua clia cac
bai to n con dé tinh toan kKt qua cudi cung. Bay la mot phwong ph p hiéu qua dé t6i vu h ava
giam thiéu st lhp lai tinh to n, dhc biét d6i v&i cac bai toan c6 cdu tric quy hoi.

D ¢ nhiéu nghién ctru vé phuong ph p quy hoach ddng trong nhiéu lfnh viic khac nhau
nhu: “M¢t s6 g dung ciia quy hoach dong trong gidi bai toan TSP” - Tran Van Thu, Phan
Xuan Thinh. (Ky yKu Hoi thdo T4 nhién khoa hoc va Cong nghé toan qudc, 2009) gi¢i thiéu viéc
st dung phuong ph p quy hoach dong trong gidi bai toan Con dudng ngén nhét (Traveling
Salesman Problem - TSP). “Quy hoach dong wrng dung vao giai bai toan tim dday con chung dai
nhdt” - Tran Tudn Ding, B3 Thi Thanh Minh, Vi Thanh Lam. (Ky ybu Hoi thdo qufc gia vé
cong nghé thong tin va truyén thong, 2016) gi6i thiéu viéc st dung phwong ph p quy hoach dong
dé giai quylt bai toan tim diy con chung dai nhat (Longest Common Subsequence). "Sir dung
phuong phdp quy hoach dong trong gidi bai todn Ildp lich céng viéc" - Trwong Qubc Thang,
Nguyén Thi Ha, Tran Thi Hrong. (HOi nghi khoa hoc cong nghé tre 1an tht XII, 2013), ...

Trong bai bao nay, tc gid d tdng hop Iy thuybt vé phuong ph p quy hoach dong ty nhiéu
ngudn khac nhau gitp tao ra cich tikp can hgp nhat véi quy hoach dong, phan tich bai toan
Fibonaci dhc trng theo 2 ¢ ch gidi. Phén 3 trinh bay cu thé cai dht trén ngdn ngy 1ap trinh C++
moOt sO bai toan giai bang phuong ph p quy hoach dong, déng thdi cung cdp thém cac ham sinh
b0 dy liéu ki€m thr d€ kiém tra tinh t6i wu clla mai bai toan nay.

2. NOI DUNG

2.1. Phwong ph p gidi bai to n quy hoach dong

* D3c tring céa cac bai toan gini bang phuong ph p quy hoxch ding [3]

Cac bai toan giai bang phuong ph p quy hoach dong thudng ¢ ¢ ¢ dhe treng chung la
chiing c6 céu tric quy hdi va tong hop kbt qua ty cac bai toan con thanh kit qua clia bai toan goc.
Phrong ph p quy hoach déng thwong duoc st dung dé giai cac bai toan c6 dang:

- Bai toan ¢6 céc bai todn con gbi nhau.

- Bai toan c6 cdu truc con t0i .

Cau truac con t0i wu: Cac bai toan quy hoach dong thé hién tinh chét cla cdu tric con t6i
wu, ¢ nghfa Ia 161 gidi t6i wu cho bai to n ¢ thé dugc xay ding ty 101 gidi tOi wu clia cac bai
toan con clla nd. Noi cach khac, viée chia bai toan thanh céc bai toan con nhd hon sk dyn dbn
gidi phap t0i wu cho toan b0 bai toan.

Vi du: Trong bai to ntm duong di ngan nhét trén do thi, nbu mot node x ndm trén dudng
di ngan nhét giya hai node u, v th duong di ngén nhét ty u dbn v sk 1a tBng hop cla dudng di
ngan nhéat ty u d¥n x va duong di ngan nhat ty x d4n v. Mot s6 thuat to n t m dwong trén do thi
(vi du thuat to n Dijkstra) déu dda trén tinh chat nay, van duwoc ap dung trong quy hoach dong.

Tinh chét cdu truc con tdi wu rat quan trong, né cho phép chung ta gidi bai toan 16n dla
vao ¢ ¢ baito ncon d gidi dugc. N§u khong c6 tinh chat nay, chiing ta khong thé 4p dung quy
hoach dong duoc.

Cic bai toan con gdi nhau: Nhiéu bai toan quy hoach dong co cac bai toan con gbi nhau,
nghfa la ¢ ¢ bai to n con gidng nhau dwoc giai nhiéu 1an. D€ tranh tinh to n dw thya, ¢ ¢ phrong
phap 18p trinh dong luu try va st dung lai kit qud clia ¢ ¢ bai to n con, thudng st dung cic cdu
trac dy liéu nhv mang hohc bang dé luu kit qud. Mot vi du dién hinh cla bai toan con gdi nhau
la bai toan tinh s Fibonacci tht n.

Quy hoach dong sk khong thé ap dung duoc (hohc n i ding hon la p dung ciing khong co
tac dung gi) khi cac bai toan con khong gbi nhau. Vi du v6i thudt toan tim kikm nhi phan, quy
hoach ddng cling khong thé t6i wu duoc gi ca, biti vi mai khi chia nhd bai toan 10'n thanh cac bai
toan con, m8i bai to n cling chi can gidi mdt 1an ma khong bao git¢ dwgc goi lai.

Tap chi
=CHOA)
H‘ (l TRU'GNG DAl HOC HOA LU

108



* Phwong ph p gimi cac bai toan quy hoHch dimg: C6 2 cach tikp cln 1a Top-Down va
Bottom-Up [3]

Top-Down (TU trén xubng - Ghi nh¢): Trong céch tikp can ty trén xudng, con duwgc goi
1a ghi nh0, ta bat dau v&i bai to n ban dau va chia n6 thanh cac bai toan con nhd hon theo cach
dé quy. Tuy nhién, ta phdi luu try kbt qua cla céac bai toan con trong cdu tric dy liéu (thuong la
mang hohc bang bam) dé tr nh ¢ ¢ ph p tinh dv thya. Khi ghp m0t bai to ncond duoc gidi, ta
18y kit qud clia n6 ty céu truc dy liéu thay vi tinh toan lai no.

Bottom-Up (TU du¢i 1én - Lap bmng): Trong cach tip can ty dudi Ién, con dugc goi la
14p bang, ta phai gidi cac bai toan con Ihp di Ihp lai, bit dau ty cac bai toan con nhd nhét va dan
dan phat trién d¥n bai to n ban dau. Ta sl dung mot bang hohc mang dé lwu try kit qua clia cac
bai to n con va dién vao bang mot cach c6 trinh tii d& dam béo rang m3i bai to n con déu dugc
gidi trwdc khi str dung kit qua cllan dé gidi cac bai toan con 16n hon.

* Quy trinh cai dat céa phwong ph p quy howch dkng co6 thé dwgc mo tn nhw sau:

1. X ¢ dinh cau tr ¢ quy héi: DBiéu nay bao gém viéc x c dinh ¢ ¢ buéc hohc ¢ ¢ phan
con trong bai to nmac thé duoc giai quykt doc lap va c céu trdc quy hoi.

2. X ¢ dinh ham quy howch dkng: Sau khi x ¢ dinh cdu tric quy hdi, ta sk tao mét ham
quy hoach dong dé tinh to n va luu try kbt qua cla ¢ ¢ bai to n con. Ham quy hoach déng nay
thwong str dung modt mang hohc bang dé lwu try kit qua tai mai budc.

3. Thiét lap diém khdi dau: Bht gi tri cho cac bai toan con don gian nhat hohc gii ¢ ¢
bai to n co si. Dieu nay thudng duoc thiic hién bang ¢ ch g n gi tri tric tikp vao mang hohc
bang lvu try kit qua.

4. DuyYt qua ¢ ¢ bai to n con: Bt dau ty ¢ ¢ bai toan co si, ta sk duyét qua tyng bai
to nconvatinhto nkitquactan . Kkt qua nay sau d dwoc lwu try trong mang hohc bang.

5. Xay ddng gini ph p cudi cung: Sau khi d tinh to n kbt qua cla tat ca c c¢ bai to n con,
ta sk xay diing giai ph p cudi ¢ ng cho bai to n 1én béng ¢ ch kit hop kit qua ty ¢ ¢ bai toan
con. KKt qua nay thudng ndm 1 vi tri cudi ¢ ng trong mang hohc bang lwu try.

6. Truy van gini ph p: truy van gidi ph p toi wu tai vi tri cu thé trong mang hohc bang,
noi chira kKt qua ctia bai to n ban dau.

DE bikt dwgc bai toan c6 thé gidi bang quy hoach dong hay khong, ta c6 thé tu dht cau hoi:
“M t nghiém t6i wu ¢ a bai todn I6n cé ph ilas phGi hop cdc nghiém t0i vu & a cdc bai
to n con hay khdng?” va “Liéu cé th n o lvu tr dwoc nghiém c ¢ b i to n con dw6i m ¢
hinh th cn od d ph6i hop tim dwgc nghiém bai todn I6N?”. NKu cau trd 10 1a co thi bai
to nd hoantoan c thé gidi bang phwong ph p quy hoach dong [5].

2.2. Phan tich va cai dht bai to n Fibonaci thi* n bang 2 phuong ph p

Bai toan: Day Fibonacci la diy s6 nguyén duong dwgc dinh nghfa nhu sau:

Fi=F=1;
Fi=Fi.1 + Fix v0imoi i =3
Hﬁy tinh Fn

Phan tich bai toan [4]

NKu ching ta ¢0 ging st dung tric tip phép truy hdi F (n) = F (n-1) + F (n-2) d€ tinh s
Fibonacci thit n F (n), chung ta sk phai tinh lai cac gia tri giéng nhau cla ham nay nhiéu 1an. Luu y
rang bai to n tinh F (n) dugc thé hién dwdi dang cac bai toan con nhd hon va gbi nhau clla nd vé
tinhF(n—-1)vaF (n-2). V vay, ta cé thé chi can dién cac phan tl clla mang mot chiéu véin + 1
gia tri lién tip cla F (n) bang cach bat dau, theo diéu kién ban dau bang 0 va 1, va st dung phuong
trinh F (n) =F (n-1) + F (n-2) 1am quy luat dé tim ra tt ca cdc phan tr khac. Hién nhién, phan t(r
cu6i cung clia méng nay sk chira F(n)

Xét hai ¢ ch cai dat chuong tr nh:

Cach 1 - St deng dY quy:

int F(int i)
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{
int res=0;
if (i<3)res=1;
elseres =F(i-1)+ F(i-2);
return res;
} >
Trong phuong ph p dé quy, ta st dung dinh nghfa tric tifp cla day Fibonacci dé tinh
Fibonacci(n).
Ta kiém tra nku n bang 0 hohc 1, thi trd vé n.
NKBu n 16n hon 1, ta goi dé quy dé tinh Fibonacci(n-1) va Fibonacci(n-2), sau d cOng
chung lai va trd vé kit qua.
Ham dé quy F(i) dé tinh s6 Fibonacci tht i. Chwong tr nh chinh goi F(6), no sk goi tikp
F(5) va F(4) dé tinh ... Qu tr nh tinh toan c6 thé vk nhw cly dudi day. Ta nhan thdy dé tinh F(6)
no phai tinh 1 1an F(5), hai 1an F(4), ba 1an F(3), nam lan F(2), ba lan F(1) [5].
Tuy cach gidi nay don gidn, nhungn ¢ dd phtrc tap thoi gian la O(2”n) do viéc tinh toan
trung lhp nhiéu 1an. Diéu nay lam cho thuat toan trit nén khong hiéu qua khi n 16n.

S |

)
[F2 ][ Fo ] (Fn ) (Fo | [rn )

Hinh 2.1. Ham dé quy tinh s6 Fibonacci
Cach 2 - St deng phuong ph p quy hoxch dkng:
Bhc trung cla bai toan 1a cac bai toan con gbi nhau, mubn tim f, ta phdi tim f,.; va fi,
mu6n tim f,.; ta phai tim f,.2 va fy.3 ¢t nhw vay d¥n fo
Ta x ¢ dinh duoc:
e Baitoncosnlafo=1=1;
e Cong thire truy hoi: fi = fi.) + fin
e Bang phuvong ntad ng mot mang F[] dé lvu c c gi tri
e Nghiém cla bai toan chinh 1a F[n]
Ta st dung phuwong ph p quy hoach dong theo ¢ ¢ buéc nhu sau:
1. St dung mot bang (hohc mang) dé luu try cac gia tri Fibonacci d tinh dé tranh tinh
toan trung lhp.
2. Khiti tao mOt mang (thuvong 1a mang 1 chiéu) voi it nhat n+1 phan tl (d€ ¢ dl chd luu
Fibonacci(n)).
3. Slr dung mot vong 1hp dé tinh toan 1an lugt cic gia tri Fibonacci ty 0 dfn n bang cach sk
dung cac gia trid tinhtrwécd .
4. Tra vé Fibonacci(n) sau khi tinh xong
Int fb2(int n)
{
] =f12] =1I;
Sfor(int i=3; i<=n; i++) f[i] = f[i-1] +f[i-2];
/
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Phuong ph p quy hoach dong nay ¢ do phtre tap thoi gian 1a O(n) do chi tinh todan mai gia
tri Fibonacci mot 1an va lwu try kit qua trong mang.

*Ju di m « a phwong ph p Quy hoach d ng trong gi i bai todn Fibonaci:

HiYu suat t6i wu: Phrong ph p quy hoach dong gidm thiéu tinh toan Ihp lai, bang cach luwu
try cac gia tri Fibonacci d tinhto ntrwécd trong mot mang hohc bang. Khi can tinh toan mot s6
Fibonacci, ta c6 thé truy cap triic tikp gid tri d tinh ma khong cén tinh lai ty dau.

B ph3c tHp thoi gian thep: bai toan Fibonaci nku gidi theo phwong ph p dé quy (cach 1)
th d0 phirc tap tinh toan khé cao (c6 thé Ién dhn 2™"). VGi d6 16n cla n ty hon 100 th viéc tinh
toan mat nhiéu thoi gian m¢i ra kit qua va khong thé d p ling yéu cdu vé mht toc do tinh toan, bo
nh¢ lvu try. Phuong ph p quy hoach dong ¢ do phlc tap thoi gian O(n), trong d n la s6
Fibonacci can mudn tinh. Diéu nay ¢ nghfa la viéc tinh todn sd Fibonacci thl n chi can mot lan
duyét qua méng chira cac gia tri d tinh. DG6i v&i cac sb6 Fibonacci 16n, phwong ph p nay ciic ky
hiéu qua. Tuy nhién, ciing can lvu y rang phuong phap quy hoach dong sk tiéu t6n mot lvgng bd
nh¢ dé lwu try kit qua cla cac bai toan con.

2.3. Cai dat mxt s6 bai toan moi theo phwong ph p quy hotich dng béng ngén ngy
1ap trinh C++

2.3.1. Cosnto nhoc

A/ Phucmg ph p quy nHp

“Néu mot ménh dé todn hoc P(n) phu thudc bién s6 tw nhién n la ding véi gid tri co' so'n =
a, ngoai ra khi P(k) diing kéo theo P(k+1) diing thi ménh dé P(n) ding véi moi sé tw nhién n
khong nho hon a”.

Diéu quan trong nhat dwoc ap dung i day khong phai d ng phwong ph p quy nap ching
minh bai todn ma chinh 1a cach chitng minh P(k+1) diing. D€ lam diéu nay, trong phuong ph p
quy nap nguoitad van dung that sang tao co s d ¢ d la P(n) dung véi cac n khong qua k.
Viéc nay hoan toan tuong td khi chiung ta phan tich xay déing xi theo cac gia tri d ¢ trwdc d
trong cau h nh dang xay diing cla bai toan [1].

B/ Cong th3c truy héi

C6 hai dang cong thitc truy hdi chung ta sk st dung:

1/ M0t day s6 hoan toan x ¢ dinh khi bikt k gia tri dau tién va coéng thic x ¢ dinh mot sO
hang theo k s6 hang lién truc no:

{Fn} x ¢ dinh nbu bibt Fy, Fa,...,Fi va cong thlrc Fn = F(Fy-1,Fn-2,...,Fax).

2/ Mot day s6 hoan toan x ¢ dinh khi bilt gia tri dau tién va cong thlrc x ¢ dinh mot s6
hang theo cac s0 hang truéc no:

{Fn} x c dinh nku bikt Fi va cong thtec Fy = F(Fn-1,Fn-2,...,F1).

Viéc tinh cac gia tri ban dau Fi, Fo, ..., Fx goi la buwéc co si, viée tim cong thic cho phép
tinh mOt s6 hang cla diy theo cac sd hang trwvée nd goi la bwée quy nap [1].

2.3.2. C cbaito nng dung phuvong ph p quy hoach déng

Sau day 1a mot s& bai to n dugc chia theo cac dang Pém cdc xdu, cdc cdu hinh, cdc day sé
théa man diéu kién nao dé dé thdy duoc tic dung phong phi cla viéc gidi bai toan tin hoc béng
phuong ph p quy hoach d0ng

Bai todn 1: PEM XAU NH] PHAN

Cho s6 nguyén duong n. Tinh s6 xau nhi phan do dai n khong ¢6 2 chy s6 1 lién nhau.

- DY liéu: vao ty file binary.inp gdbm mot s6 nguyén dwong n
- KHKt qué: ghi ra file binary.out mdt s6 duy nhét 1a kKt qud bai toan, vi kKt qua c6
thé 12 moOt sO rat 10n nén ta 14y kKt qua 1a phan dv cho 10° + 7
Vidu

Binary.inp Binary.out
4 8
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XAy diing gini thuat:

Ty nhén xét: Mot xau df dai n thda méan yéu cau bai toan (khong c6 2 ky td 1 lién tikp) thi
xau con n-1 ky t4 dau tién cla n cling théa m n diéu nay, thk ¢ nghfa la dé c6 xau do dai n ta
chi viéc thém 0 hohc 1 vao sau xau dd dai n-1 nhw vay mai don vi dy liéu 1a mot ky ti va don vi
dir liéu cuoi n bude thiv k 1a ky t4 thtt k cla xau. Ty d bang phuong ph p phan tich quy nap, ta
c6 thé xay dting cong thirc quy hoach ddng cho phép tinh sO xau dd dai n theo s6 xau ¢ do dai
nhd hon ¢ ng thda man yéu cau bai toan.

Goi F[k] 1a s6 x4u nhi phan dd dai k khong ¢6 2 chy s6 1 lién nhau.
Buwéc co sé: n=1:c6 2 xauthodm nla‘0’ va ‘1’ nén F[1]:=2.
n=2:c¢o6 3 xau thod man la ‘00’;’01’va ‘10’ nén F[2]:=3.

Buée quy nHp: Gid st d t m dwgce cac F[i] v6i i:=1,2... k-1. Ta tinh F[k] — s0 xau d6 dai
k théam nbaito nc duwoc do:

+Thém 0 vao sau 1 xau do dai k — 1, s0 xau loai nay bang s8 xau do dai k-1 khong c6 2
chy s0 1 lién nhau va bang F[k-1].

+ Thém 1 vao sau 1 xau d6 dai k — 1, dé tao xau do dai k thod man yéu cau thi ky td
cubi ¢ ng xau do dai k-1 phai 12 0, do d s6 xau loai nay bang s6 xau do dai k-2 khong c6 2 chy
s0 1 lién nhau va bang F[k-2].

Vay F[k]=F[k-1]+F[k-2](1)

Do d bikt F[1], F[2] nén ty cong thitc ndy ta c6 thé tinh F[n] v&in tuy .

Dk ph3c¢ tHp: do ta mat mot vong for dé tinh F[i] nén dd phtrc tap 1a O(n).

Cai dat

#include <bits/stdc++.h>

#define mod 1000000007

using namespace std;

long long f[100005]; int n;

int main()

{
//sinh();
freopen("binary.inp","r",stdin),
freopen("binary.out","w",stdout),
cin>>n;
A1]=2;
J12]=3;
Sfor(int i=3; i<=n, i++) f[i] = (f[i-1]+f[i-2])%mod;
cout<<f[n];
return 0;

/

Ham sinh test:

void sinh(){
srand(time(0));
freopen("binary.inp","w",stdout),
n =rand()%100000+2;
cout<<n,

fooo o

Bai todn 2: PEM XAU NH] PHAN MO RONG

Tuong td nhuw trén, ta xay diing cong thire tinh s6 x4u nhi phan dd dai n khong c6 k chy s6
1 lién nhau (k>=2).
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O day ta cling goi F[n] dé gi¥f gi4 tri s6 xau nhi phan khong c6 k chy s6 1 lién nhau va c6
do dai n.

Buwéc co s¢: Tathdy F[0]:=1; F[i]:=2! v0i i:=1,2,..k-1.

Véii=k, F[k] =2 -1 (try xau c6 k chy s6 1)

BuGc quy nHp:

+ Thém 0 vao sau 1 xau dd dai n — 1, s6 xau loai nay bang s6 xau do dai n-1 khong c6 2
chy s6 1 lién nhau va bang F[n-1].

+ Thém 1 vao sau 1 xau dd dai n — 1 cling tao thanh F[n-1] xau nhi phan m&i ¢ dd dai n
nhung trong d ¢ mot s6 xau khong thod méan vi k chy s6 lién tikp cubi ciing bang 1. SO xau sau
khi thém 1 c6 k chy s6 cui bang 1 bang s6 xau do dai n-1 thoéa man bai todn va c6 k-1 chy s6
cubi cung 13 1 : XiX2. Xnk1Xnk11...1, Kni & Xax = 0 va vi vAy sO xdu loai nay bang s6 xau
X1X2..Xnk.1 th®a mén bai toan va bang F[n-k-1], ty d s6 xau do dai n tan cung bang 1 thdéa man
bai toan la: F[n-1]-F[n-k-1].

Vay Ta c6 cong thirc quy hoach dong: F[n]:=2*F[n-1]-F[n-k-1].

DX ph3c tHp: O(n) do ¢6 n vong for.

Cai dat chwong tr nh

#include <bits/stdc++.h>
#define mod 1000000007
using namespace std;
long long f[100005]; int n,k;
int main()
{
//sinh();
freopen("binaryex.inp"”,"r" stdin),
freopen("binaryex.out”,"w" stdout),
cin>>n>>k;
J10]=1;
Sfor(int i=1; i<k; i++) f[i]=f[i-1]*2;
Sk =f[k-1]*2 -1;
for(int i=k+1; i<=n, i++) f[i] = (2*/[i-1]%mod-f[i-k-1])%mod;
cout<<ffn];
return 0;
/
Ham sinh test
void sinh(){
srand(time(0));
freopen("binaryex.inp"”,"w",stdout);
n =rand()%100000+2;
k =rand()%100000+2;
if(n<k) swap(n,k);
cout<<n<<'""<<k;
/
Bai todn 3: DEM SO DAY CON TANG DAI NHAT
(M6 réng ciia bai todn Tim day con don diéu ting dai nhat)
Cho day s6 nguyén A = ay, ay, ..., an. (N < 1000, -10000 < a; < 10000). Mot diy con clia A
1a mdt cach chon ra trong A m0t sd phan t& giy nguyén thiv td. Nhu vy A c6 2" diy con.
Yéu cau: Tim s0 luvgng d y con don diéu tang clia A ¢ d0 dai 1én nhét.
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DY liéu:
- Dongdaulasbn
- Dong tht 2 chita n s6 nguyén
KHt qua:
- Dong dau la do dai day con tang dai nhat
- Dong tht 2 1a s6 lwvgng d y con tang dai nhat
Vidu:A=(1,2,3,4,9,10,11, 13,5, 6, 7, 8). D y con don diéu tang dai nhat 1a: (1, 2, 3, 4,
5,6,7,8) hohc (1,2,3,4,9, 10, 11, 13).
Vi du:

Cis.inp Cis.out
12 8
123491011135678 2
Gidi quyht bai toAn mi rOng nay c¢6 y nghfa sau Sac trong viéc rén luyén tv duy quy hoach
dong cho hoc sinh. O day ta ¢ nhan xét quan trong rang: ail, ai, ..., aik lad y con tang dai nhat
thi mai doan dau lién tikp cla né: air, ap, ..., ap (p<=k) sk la d y con tang dai nhat c6 s6 hang
cudi 1a ai, nhw vay ¢ nghfa p 1a do dai d y con tdng nay nén n phai bang F[ip] (mang F noi
trén). Ty d ta sk tinh s6 d y con tang T[i] ¢ dd dai F[i] va s6 hang cudi cing 1 ai. RS rang a;
lac nay chi duge thém vao sau s6 hang aj b honn ma F[j] +1 =F[i]. Khi 8y tap cac diy con
tang do dai F[i] kKt thuc tai a[i] dvgc bd xung thém T[j] phan tlr. Vay 1 day ta c cong thirc quy
hoach dong nhu sau:
T[i] = Tong cac T[j] v6i j thda man: j <1i; a[j] < a[i]; F[j] + 1 = F[i].
dieu nay ¢ nghfa la dé tinh T[i] ta phai tinh trieéc cac F[j], tat nhién viéc nay sk kit hop tinh
song song trong cung mot vong lhp.
KKt qua cudi cung 1a tong cac T[i] ma F[i] = max{F[j]:j = 1,2,...,n}.
D0 phtc tap: O(n?)
Cai dat chuvong tr nh
#include <bits/stdc++.h>
#define maxn 1000
using namespace std;
int afmaxn+5], ffmaxn+5], tfmaxn+5], n, res=0,c=0;
int main()
{
//sinh();
freopen("cis.inp","r" stdin);  freopen("cis.out"”,"w", stdout);
cin>>n;
for(int i=1; i<=n, i++){
cin>>alil;,  fli]=1; tfi]=1;
/
for(int i=1; i<=n; i++){
for(int j=i-1; j>=1; j--){
iftafi/<ali){
L]+ =D =f0] + 1 fi] =[]}
else iftf[j]+1==/[i]) t[i] +=t[j]:

/
/
res=max(res,fli]);
/
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for(int i=1; i<=n; i++) if(f[i]==res) c+=t[i];
cout<<res<<endl<<c;
return 0;
/
Ham sinh test
void sinh(){
srand(time(0));
freopen("cis.inp”,"w", stdout);
n = 1000;
cout<<n<<endl;
for(int i=1; i<=n; i++) cout<<rand()%100000+1<<"";
/

Véi ¢ ch cai dht nhw trén tac  mot thudt toan voi do phic tap O(n?).

* M@ ring: Bai toan "Dém s6 day con tang d i nh #' (hohc bai to n “Tim day con don
diéu tang d i nh ¢7) c6 thé st dung thém tim kikm nhi phan hohc st dung cau trac dy liéu Cay
chi s0 nhi phan (BIT) dé tinh F[i] v&i d phlrc tap O(n*log n) — Vi du khi sr dung cay BIT, dé
tim vi tri j thda man j<i, aj<a; ma f[j] dat max, ta chi mét do phtrc tap O(log n).

Cai dht chuong tr nh

#include <bits/stdc++.h>

#define maxn 100005

using namespace std;

typedef long long lint;

int n, afmaxn], b/maxnj;

lint flmaxn], t[maxn], bit[maxn];

lint get(int u) {

lint kq=bit[u];

while (u) {
kg=max(kq,bit[u]),
u&=(u-1);

/

return kq;,

/

void update(int u,lint val) {

while (u<=100000) {
bitfu]=max(bit[u],val);
ut=u & (-u);
/
/

int main() {

freopen("cis.inp","r",stdin),

freopen("cis.out","w" stdout),

scanf("%d", &n);

for(int i=1;i<=n;i++) scanf("%d", &a[i]);

for(int i=1;i<=n;i++) {
flij=get(a[i]-1)+1;
update(alil f[i]);

/
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long long maxf=f[1];
for(int i=1;i<=n;i++) maxf=max(maxf,f[i]);
for(inti=1; i<=n; i++)
for(int j=1; j<i; j++){
iftafi/<ali] &&f[j] +1==/[i])
{
ifitfij==0) t[i]=1;
else tfi]+=t[j];
/
/
long long res=0;,
for(int i=1;i<=n;i++)
if(fli]==maxf) res+=t[i];
cout<<maxf<<endl<<res,
/
Viéc st dung cdu trac dy liu Cay chi s6 nhi phan (BIT) sk cai tikn duoc tdc do cla bai
to n T md y con don diéu tdng dai nhat (con O (n*log n)).
Tuy nhién trong B ito n 3 (Bém s0 lvong ddy con tang d i nh #), dé tinh s lvong day
con tang dai nhét T[i] thi ta vyn mit thém hai vong lhp nya dé tinh nén do phic tap vyn 1a O(n?)
giong nhu khi st dung phuong ph p quy hoach dong don thuan.
3. KXT LUAN
Bai b od trnh bay dwoc cac kikn thirc tOng quan vé phuong ph p quy hoach dong, dong
thoi th(r nghiém cai dht mot s6 bai toan bang ngdn ng¥ 14p trinh C++, vikt ham sinh bd dy liéu
kiém th(r d€ kiém tra tinh chinh x4c va t6i wu cla gidi thuat. Bai bao gitip tao ra mOt tikp can hop
nhdt ddi v&i quy hoach dong, gop phan tao ra ngudn tv liéu tham khdo cho gido vién, hoc sinh,
sinh vién, va nhyng ngwoi quan tdm din quy hoach dong. Bong thdi mi ra huéng nghién clu
sau hon Ve viéc kit hop quy hoach dong véi ¢ ¢ kf thuat va clu trac dy liéu moi dé ci thién tdc
dd tinh toan khi gidi quybt bai toan trong tin hoc.

TAI LIHU THAM KHMHO
[1] H® StDam, Tai liéu gido khoa chuyén tin quyén 1, NXB Gido duc Viét Nam, 2009.
[2] Lé Minh Hoang, Ebook Gidi thudt va ldp trinh, Bai hoc sv pham Ha Noi, 2002.
[3] Tran Ngoc Anh, https://topdev.vn/blog/thuat-toan-quy-hoach-dong/
[4] Anany Levitin (2002), Ebook "Introduction to the Design and Analysis of Algorithms"
[5] https://v1study.com/giai-thuat-va-lap-trinh-phuong-phap-quy-hoach-dong.html

Tap chi
=(HOA
H‘ /8 TRU'GNG PAI HOC HOA LU

116



